We propose to study novel quantum phases and excitations for a 2D spin-orbit (SO) coupled bosonic p-orbital optical lattice based on the recent experiments. The orbital and spin degrees of freedom with SO coupling compete and bring about nontrivial interacting quantum effects. We develop a self-consistent method for bosons and predict a spin-orbital entangled order for the ground phase, in sharp contrast to spinless high-orbital systems. Furthermore, we investigate the Bogoliubov excitations, showing that the Dirac and topological phonons are obtained corresponding to the predicted different spin-orbital orders. In particular, the topological phonons exhibit a bulk gap which can be several times larger than the single-particle gap of p-bands, reflecting the enhancement of topological effect by interaction. Our results highlight the rich physics predicted in SO coupled high-orbital systems and shall attract experimental efforts in the future.
Introduction-Ultracold atom gases offer unique platforms for exploring many-body physics due to their fully controllable manner [1] . The recently developed technologies allow the exploitation of orbital and spin, as two fundamental degrees of freedom of an atom, to simulate exotic quantum phases. In particular, the spin-orbit (SO) coupling for ultracold atoms can be engineered by Raman techniques which induce spin-flip transitions and momentum transfer simultaneously [2] [3] [4] [5] [6] . The experimental realizations of one-dimensional (1D) [7] [8] [9] [10] [11] [12] [13] and 2D [14] [15] [16] [17] SO couplings for ultracold atoms open up extensive studies of novel quantum physics, including spintronic effects [18] , magnetic and stripe phases [19] [20] [21] , topological insulators and topological superfluids [22] [23] [24] [25] [26] [27] [28] [29] [30] , which have attracted considerable attention in ultracold atom physics. With the advantages of detection and manipulation, both the equilibrium and non-equilibrium quantum phases of nontrivial topology have been reported in ultracold atom experiments [31] [32] [33] .
In optical lattice SO coupled ultracold atoms have been considered in s-orbital regime. On the other hand, the high-orbital states, e.g. the p-orbitals, exhibit nontrivial orbital degree of freedom for having an intrinsic orbital degeneracy in optical lattices [34] . More than simulating complex physics of electrons in crystals, quantum phases for ultracold orbital bosons have no prior analogue in solid state systems [35] . The early theory predicted that interacting p-orbital bosons can spontaneously break time-reversal symmetry and form local orbital angularmomentum order [36] [37] [38] [39] , which further renders chiral bosonic Mott phases in strong interacting regime [40] [41] [42] . The p-orbital states with nontrivial topology [43] [44] [45] [46] and novel orders for fermions [47, 48] were also proposed. Importantly, some of the bosonic orbital phases have been successfully observed in the recent experiments [49] [50] [51] .
Motivated by the experimental progresses of both SO coupling and high-orbital physics for ultracold atoms, we propose in this letter to investigate the emergence of novel interacting phases for a p-orbital SO coupled bosonic optical lattice. Compared with a spinless porbital system, the inclusion of SO coupling introduces spin degree of freedom competing with the orbital one and brings about fundamentally new quantum physics. In particular, we predict a novel spin-orbital entangled ordering for the ground phase, and further show that the Dirac and topological Bogoliubov phonons can be obtained corresponding to the different spin-orbital orders. These results are observable based on the current experiments.
The model.-We start with the p-orbital ultracold bonsons trapped in a 2D square optical Raman lattice which was realized in recent experiments [15, 17] , with the lattice potential V latt (x, y) = V 0 (cos 2 k 0 x + cos 2 k 0 y) and the periodic Raman potential V R (x, y) = M 0 cos k 0 x sin k 0 yσ x +M 0 cos k 0 y sin k 0 xσ y , as illustrated in Fig. 1 . Here σ x,y are Pauli matrices defined in atomic spin space, V 0 , M 0 , and k 0 are lattice depth, Raman coupling amplitude, and wave vector of Raman beams, respectively. The total Hamiltonian H = H 0 + H I , where H 0 (H I ) denotes the single-particle (interacting) term, as given below. In the tight-binding regime, the p µ (µ = x, y) orbital has a dominating hopping along µ direction (σ-bonding), while the hopping along traverse direction (π-bonding) is minimized (Fig. 1) . We keep only σ-bonding for the tight-binding limit, in which case H 0 = µ H 0µ , with 
where a is the lattice constant. For the isotropic lattice potential, we have t x = t y = −t 0 . For our purpose we consider in this work the large SO coupling regime with t 2 so > t 2 0 + t 0 |m z |/2, so that the lower subband of the Bloch Hamiltonian H 0µ (k) has two minima in first Brillouin zone. The band structure and spin polarization are shown in Fig. [1] .
The interaction for our consideration is short-range repulsive, with the interacting coefficients g ↑↑ = g ↑↓ = g ↓↓ = g between bosons. Thus interacting part of the Hamiltonian is shown to take the following form [52] 
p i,µs , and µ =μ. Without the SO Hamiltonian H 0 , the ground state of interacting Hamiltonian H I solely is given as follow: the orbital part of both spin-up and spin-down atoms is an eigenstate of the local angular momentum
(p x −ip y ) s , similar to the results obtained for spinless bosons [36] [37] [38] [39] 53] . As uncovered below, further inclusion of SO coupling brings about nontrivial interplay between spin and p-orbital degrees of freedom, leading to new interacting quantum phases.
Ground phase-We now turn to solving the ground state of the total Hamiltonian with both non-interacting part H 0 and interacting part H I . With both spin and orbital degrees of freedom, the direct calculation of the ground phase of the present system is not convenient. We develop a self-consistent method which is useful for the system of multi-component bosons. The self-consistent order parameters are introduced as
where · · · G denotes the calculation on the ground state. It can be seen that ∆ ↑(↓) relate to the magnetization, and the orders ∆ xy↑(↓) stand for the hybridization between p x and p y orbitals. Note that in the current stage we do not consider the Bogoliubov quasiparticles, which will be studied later for excitations. Since our lattice has C 4 symmetry, we can write down the ground state as
y ) ↓ for spin-down component, where ϕ and θ are the phases difference between p x and p y orbitals, with −π/2 ϕ, θ π/2, and ξ is the relative phase between spin-up and spin-down components. A direct analysis reveals that the non-interacting part H 0 of the Hamiltnoian favors the phase configuration with ξ = 0 and ϕ − θ = π/2, while the interacting term H I favors ϕ = ±π/2, θ = ±π/2, and arbitrary ξ due to the SO(2) symmetry. This implies the competition between SO term and orbital degree of freedom with interactions.
The red azimuthal angle denotes the phase difference between px and py orbitals, with (a) the generic local orbital configuration and (c-d) the eigenstates of local angular momentum Lz. (e) Formation of orbital orders versus the strength of onsite interaction, with mz = 0.1t0 and tso = 3t0.
The self-consistent solution is obtained by the following iteration. First, we obtain the initial ground state |G 0 the single-particle Hamiltonian H 0 , which corresponds to one of the band minimums of the p-bands. Furthermore, we compute the mean-field order parameters based on |G 0 , and substitute them into total Hamiltonian to obtain mean-field Hamiltonian H MF by linearizing the interacting term H I . Then we diagonal-ize H MF and obtain the new mean-field ground state |G MF , with which we recompute the order parameters, and repeat the above steps until the solved order parameters converge [52] . Three regions of the phases are obtained, as shown numerically in Fig. 2 with the parameters t so = 3t 0 and m z = 0.1t 0 . First, for the weak interacting regime with U int is below a critical value U c1 , the orbital ordering is dominated by the SO coupling, with the phase factors ξ = 0, ϕ = 0, θ = −π/2. This follows that the spin-up component forms a purely real orbital
↑ which breaks SO(2) symmetry, while the spin-down component forms an angular-momentum order
↓ , which preserves the SO(2) symmetry. Secondly, when the interaction is greater than U c1 , one has ξ = 0, 0 < ϕ < π/2, −π/2 < θ < 0, and the orbitals of the spin-up and spin-down atoms are both imaginary. This is the moderate region, which reconciles the minimization of both non-interacting and interacting mean field energies. Both spin-up and spin-down components breaks the SO(2) symmetry, indicating a phase transition at U int = U c1 . Beyond this value, the phase ϕ for spin-up component gradually increases to π/2 with increasing interaction, while the phase θ for the spin-down component starts to deviate from −π/2 to a certain value −π/2 < θ < 0. Finally, when interaction is even greater than a second quasi-critical value U c2 , the phase θ approaches −π/2 again with increasing interaction. This is a crossover region dominated by both SO coupling and interactions. The spin-up and spin-down components form p x + ip y and p x − ip y orders, respectively in the strong interacting limit, i.e. ϕ = π/2 and θ = −π/2, restoring the SO(2) symmetry.
The wave function of the ground state can be obtained from the self-consistently solved mean-field Hamiltonian, which is projected onto the orbital bases
y ) ↓ for spin-up and spindown states, respectively. Writing down in k space we obtain
where the 2D SO coupling term andm z = m z + cos 2 ϕn ↑ − cos 2 θn ↓ G /2 are corrected by mean-field quantities ∆ ↑,↓ , ϕ, and θ. For the large SO coupling regime the lower band has four band minimums at {Λ j } = {(±π/2, ±π/2)}. The ground state corresponds to that the bosons condense at one of the four minimums, say at Λ 1 = (π/2, π/2), whose single-particle state is given by |u min (Λ 1 ) = [sin αe iβ b † ↓ − cos αb † ↑ ]|vac , with tan(2α) =m z / 2t 2 so [1 + sin(ϕ − θ)] and tan β = cos(ϕ − θ)/[1 + sin(ϕ − θ)]. The condensate wave function then reads
which is generically an entangled order between orbital and spin states since θ and ϕ, as shown in Fig. 2 Bogoliubov excitations-Having obtained the ground state of the p-orbital condensate, we can further investigate the physics of the Bogoliubov quasiparticles, i.e. the phonons. Note that one cannot study the excitations by the effective Hamiltonianĥ MF (k), which is used to self-consistently solve the ground state only. On the other hand, since the ground phase only involves the two modes b ↓ and b ↑ , in studying the phonons we project the interacting Hamiltonian onto the bases b ↑,↓ and reach the following effective form
where n is = b † is b is and n i = n i↑ + n i↑ . From the above formula one can find that under the bases b ↑,↓ the effective interaction coefficients between bosons becomes g ↑↑ = g(1 + 
with:
The chemical potential µ in Eq. (6) can be determined numerically through imaginary-time evolution [52] . Then one can solve the spectra and eigenstates of excitations by diagonalizing the Bogoliubov HamiltonianĤ B with a para-unitary transformationT k for bosons [56] [57] [58] :
The topology of the n-th phonon band can be determined by the Chern number from integral of Berry curvature
where |t n (k) is the n-th column vector ofT k . All the results can be solved numerically. . When U int < U c1 , the excitation spectra are gapless, exhibiting two anisotropic Dirac cones for the Dirac phonons (see also Fig. 4 ). According to Eq. (S26), in this regime the spin-orbital entangled ground state is a superposition of |Φ px+py ⊗ | ↑ and |Φ px−ipy ⊗ | ↓ . When U int > U c1 , the orbitals of both spin-up and spindown components are imaginary, with the excitation bulk gap E ex gap and single-particle gap E 0 gap opening up. The Chern number C 1 is nonzero, implying that the phonon band is topologically nontrivial. Interestingly, the bulk gap E ex gap of phonons (also E 0 gap ∼ 2m z ) increases quickly with U int and exhibits a maximum value which is several times larger than the single-particle gap (2m z = 0.2t 0 ) of p-bands, showing the considerable enhancement of the topological gap of phonons by the interactions. The nonmonotonous behavior of the phonon gap is a consequence of the modification to (ϕ, θ) and thusm z by the interactions. As we plot the phonon bulk gap versus ϕ with fixed θ = −π/2 (inserted picture in Fig. 3 ), a maximum of the gap is clearly obtained with ϕ ≈ 0.1π.
The whole phase diagram is further shown in the exchange of spin-up and spin-down. For this one can show straightforwardly that U c1 = U c2 = 0, and the spinup and spin-down components would be pined to p x + e iφ p y and p x + e −iφ p y orbitals for finite U int . The critical values U c1,c2 increase with increasing magnetization.
Conclusion-In conclusion, we have predicted a novel spin-orbital entangled phase in a 2D SO coupled bosonic p-orbital optical lattice, and further shown that the Dirac and topological phonons are obtained with different spinorbital orders. The predicted new phases are a consequence of the interplay between the SO coupling and high-orbital states with interactions, revealing the rich physics resulted by taking into account both the spin and orbital degrees of freedom for bosons. Many interesting issues deserve attention following this prediction, including SO coupled p-orbital bosonic Mott phases which might exhibit novel physics beyond the current knowledge and SO coupled p-orbital Fermi systems. With the recent experimental progresses of realizing 2D SO coupling [15] with experimentally confirmed long lifetime [6, 17] and p-orbital superfluids [49] [50] [51] In this Supplementary Material we provide more details for deriving the interacting Hamiltonian, self-consistent solution, and topological excitations.
INTERACTING HAMILTONIAN
We derive the interacting Hamiltonian for spin-1/2 p-orbitals with repulsive short range interaction gδ(r 1 −r 2 ). It is convenient to use the local angular-momentum bases for the the calculation. The creation and annihilation operators in the angular momentum bases take the forms
which obey the commutation relations of bosons
Note that the short range repulsive contact interaction gδ(r 1 − r 2 ) conserves the spin and local angular momentum. The effective interacting Hamiltonian includes the following scattering processes.
First, the two bosons of interaction have total local angular momentum L z = 2 (−2), which corresponds to the process |uu → |uu (|vv → |vv ). Depending on whether the spin states of the two bosons are the identical or different, these scattering processes include the following two cases. The first is the scattering between the same spin states, i.e, |u σ u σ → |u σ u σ . The interacting coefficient for this process is calculated by
py ( r 1 ) φ * px ( r 2 ) − iφ * py ( r 2 ) δ( r 1 − r 2 ) φ px ( r 1 ) + iφ py ( r 1 ) φ px ( r 2 ) + iφ py ( r 2 ) = (
where we have denoted as U = d 3 r 1 |φ px ( r 1 )| 4 and V = d 3 r 1 |φ px ( r 1 )| 2 |φ py ( r 1 )| 2 , with V = U/3 [36] . These scattering processes lead to Hamiltonian: 
The second type is the scattering between different spin-component |u σ u σ → |u σ u σ , (σ = σ ). By similar calculation one can find that the scattering processes leads to Hamiltonian:
With the above results, the scattering channel for the local total angular momentum L z = ±2 gives the following interacting Hamiltonian
Secondly, the two bosons of scattering have total local angular momentum L z = 0, which corresponds to the process |uv → |uv . Similarly, we again have two different cases for the scattering between the same spin states and between opposite spin states, respectively. For the former case, we have that |u σ v σ → |u σ v σ , (σ = σ ), which leads to the interacting term 
Similarly, for the case of scattering between different spin states, namely, |u σ v σ → |u σ v σ , (σ = σ ), the corresponding interacting term can be verified to be 
